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Abstract

‘We show that the method of Wu [J. Geom. Phys. 12 (1993) 205] to study topological 4D-gravity
can be understood within a standard method now designed to produce equivariant cohomology
classes. Next, this general framework is applied to produce some observables of the topological
4D-gravity. © 1998 Elsevier Science B.V.

Subj. Class.: Quantum gravity
1991 MSC: 83C45
Keywords: 4D-gravity; Cohomology classes; Observables

1. Introduction

Since their appearance in 1988 in a famous article of Witten [13], topological field theories
have played an important role in theoretical physics as well as in mathematics. Actually, the
1988 article gave a prototype of topological field theories of cohomological type. Witten has
recognized that these cohomological field theories are related to equivariant cohomology
and more precisely to the so-called Cartan model of equivariant cohomology.

Although cohomological field theories can be described independently of the models used
for equivariant cohomology, the construction by Kalkman [9] of the so-called intermediate
model [12] is of considerable technical help. In [12], topological Yang-Mills [1,3,13] and
topological 2D gravity [4,5] were studied from this point of view. In [2], new representatives
of the Thom class of a vector bundle were produced using this general framework.

Wu [14] explained the role of the universal bundle in 4D gravity,? and exhibited some
observables of the corresponding topological model. We shall explain here how his method
can be deduced from the general approach of [12] and which observables are obtained.

1 URA 14-36 du CNRS, associée i I’Ecole Normale Supérieure de Lyon et a I'Université de Savoie.
2 4D topological gravity was first proposed by Witten [13].
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2. From the intermediate to the Weil model of equivariant cohomology

In [12] it was explained how one can generate representatives of equivariant cohomology
classes using an idea of [6] which benefits from Kalkman’s construction [9] as follows: let
us assume that M is a smooth manifold with a smooth G-action for some connected Lie
group G (with Lie algebra Lie G). Let d a4, i o1, o4 be the standard exterior derivative, inner
product and Lie derivative on M. The action of G induces an action of Lie G, and to any
A € Lie G, there corresponds a so-called fundamental vector field A, on M. The space
of forms on M is denoted by £2(M), and its basic elements are those annihilated both by
ipm(2) and [p((A), for any A € Lie G. We recall that [y = [daq, i)

The Weil algebra (W(G), dw, iy, lw) of G is the graded differential algebra generated
by the “connection ®” and its “curvature £2”

dywow = 2 — %[a), w], (D
dw2 = —[w, 2], 2
iwMo =4, 3
w2 =0, )]
Mo = -1, ], ®)
w2 = —[, 2], (6)

for any A € Lie G.

Then the equivariant cohomology for the action of G on M is the basic cohomology of the
graded differential algebra (W(G) @ 2(M), dw + daq, iw + im, b + [aq). Tt generates
the so-called Weil model of equivariant cohomology.

Now let us consider another Lie group H such that M is the base space of some principal
H-bundle P(M, H) on which the action of G can be lifted. This bundle is also equipped with
standard differential operations: dp, ip, [p. Then some equivariant cohomology classes
can be represented as follows: consider a G-invariant H-connection I" on P. Extend I to
W(G) ® §2(M), still denoting it I". Since I does not depend on e, it fulfills

W) =0, )
(w + )N =0, ®)

for any A € Lie G. This expresses the basicity of I' in the so-called intermediate model of
equivariant cohomology. In this model, the exterior derivative reads

Dige = dw +dp + lp(w) — ip(£2) )]
so that
DinI" =dpl’ — ip(£2)I" (10)

and the equivariant curvature of I” in the intermediate model reads

R3(I' @, 2) = Dinl” + LI, T an



F. Thuillier / Journal of Geometry and Physics 27 (1998) 221-229 223

It satisfies

DR =[RS, I, (12)
iwMRS =0, (13)
(w + Ip)AR = 0. (14)

The H-fibration is eliminated by considering symmetric H -invariant polynomials I;’g =
I(RSh.
To go to the more usual Weil model, we use the Kalkman differential algebra isomorphism

explip(w)}, thus obtaining

dw + d’p)]eq =0, (15)
(iw +ip)W Iy =0, (16)
Uw + Ip)) I =0, 17

where I&? = explip(w)}! ;‘3 Now since the H-fibration has disappeared, Ive:,l liesin W(G)®
£2(M). Under the assumption that M is a principal G-bundle over M /G, we can replace
w and §2 by a G-connection 6 and its curvature & on M. Cartan’s Theorem 3 guarantees
that our new representative gives a representative of the same equivariant cohomology class

[7,12]. Still denoting this representative by I&?, we verify that

dmly) =0, (18)
im) Iy =0, , 19)
MW =0. (20)

Now, we are ready to use this method in topological 4D-gravity.

3. Wu’s construction [14] in topological 4D-gravity

Let ¥ be a 4D smooth manifold. The fundamental objects in Gr;0p are the metrics of
XY and the generators of the Weil algebra of Diffp(X"), the connected component of the
diffeomorphism group of X'. The structure equations then read

s'Pg =¥ + L'P(w)g, 1)
sPPY = —LP(2)g + L"P(w)Y, (22)
sPw =2 - 1o, 0}, (23)
sOPR = —[w, 2]. (24)

Let us note that the form of these structure equations is universal (i.e. independent of the
model we choose). Now, let us apply the precepts of the previous section. The group of dif-
feomorphisms of X' plays the role of the gauge group G over Met(X'). The H-fibration
is obtained by considering the frame bundle over ¥, F(X),? and our final principal

3 Note that F(X) is the principal bundle associated to the tangent vector bundle T X of X.
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GL(4, R)-bundle P is just Met(X') x F(X). The Diff (¥')-invariant GL (4, R)-connection
I’ on Met(X) x F(X) is given by

ry=re.” + 18"5gu, (25)

where I"'LC(g) is the Levi-Civita connection of g € Met(X), and § is the exterior derivative
on Met(X) [4,8].

This G L(4, R)-connection is used in the intermediate model. Before going any further,
let us notice that in the Weil model, this connection reads

r=r, -G, (26)
which is comparable with (2.5) in [14]. Now, the intermediate curvature

RN @, 2) = DineI” — (I, I 27
gives the corresponding Weil curvature

RY (I, w, 2) = explip (@)} Ri (T, w, 2)
=(dw +dp)l" + 5[, T, (28)

which is of the form (2.6) of Wu [14].
Now, let us construct some observables.

4. Some observables for topological 4D-gravity

In order to generate observables of the theory, we first eliminate the GL(4, R)-fibration.
As explained in Section 2 this is achieved by considering symmetric GL(4, R)-invariant
polynomials. The Euler class and the Pontrjagin classes generated by R&(} are such poly-
nomials [10]. Actually, only the first Pontrjagin class is relevant.* Up to normalization
factors, those two cohomology classes are given by

Ey= o gvagax (RW, A (R, (29)
«/E u P
Pyl = (8580 — 8180V (RGDL A (RGDE, (30)

and decompose into five terms

Eg=08+07+0%+ 0+ 08, 31
Pyl =G+ G} +Gi+ Gy + Gy, (32)

4 The zeroth class is trivially 1 while the second (and the highest) class is the square of the Euler class.
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where the upper index refers to the form degree on Met(Z') while the lower one refers to the
form degree on X . These expressions are to be compared with (2.9) of [14].> Observables
extracted from monomials (E%@)’" (P&?)".

(E ) (Peq) 4(m+n) + V4(m+n) 1 V4(m+n)—2

4(m+n)-3 4(m+n)—4

+v; +V, (33)

with
Vot — (0™ (GYY", 34
vl —n(ghym(GH™ G + md) T @G, 35)
"D oGl AGy
+mn(Q™ 1 Q3(GH" ‘G?+m<Qo)"’ LodGH"

1
=2 ohrodeiGy, (36)
n(n 1D

v, = n(d™(GH GE +

vy n(Qo)"’(G G+

—Dn-2
e )<Q3>"'(Go>"‘3(6?)3

+mn (0" 01(Q9)"™' G
=D 0 QGG
+mn(Qo)'" '03(GH" 6y
=2 (om0} (G“)" '3
i

(QO)m (G4)n 2G2G3

+m

+m(Qo)m 'o 3(G) +
+m(m — 16)(m —2)
V:'(”H'") —4 _ (QO)M(GO)H 1G4

n(n

(Qo)”' 20203(GH"

(QO)'H(QI) GH, (37)

+ (Q0> (GH" (G + GIG))

n( — 1Xn —
I
$2E=202DEZD giyn Gy ad*

+mn (@™ QIGH" G}

(Qé)’"(Gé)"‘3(G?>2G%

5 In earlier references [11] devoted to algebraic studies of topological gravity, one can find similar formulae
whose geometrical meaning is given here.
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™2 (0 0362636}
+m———”‘”‘1;("‘ Loy 0lGy Gy
+mn(QH™ ' 03(GH" ' G3
™ (0 03626y
+n’—"(’"——)(QO)'" 2(QDAGH G}

mnin = D0 =D (202G G2
+mn(09)" ' 03(GH)" ' G}
w2 =D oty-2020% G 6}
=D ol 066}
+m (0" Q3(GP)"

—1
+5"—("’2—)(Q3)"'—2((Q%)2 + 03ohGh"
m(m — 1){m — 2)
+ 6
m(m — 1)(m — 2)(m — 3)

m-—4 4 n
+ o @Y™ EHHGH". (38)

(@O OH*3(GH"

Next, we replace w and £2 by a Diff (¥£')-connection € and its curvature ® on Met(X'). The
corresponding forms fulfill the “descent” equations

3V,"P +dy V“j”’* ''—o, (39)
IOV P +isve P =0, (40)
LAV P 1MV, =0, (41)

where 7 and £ are the inner product and Lie derivative on Met(X'). Finally, we integrate
over cycles on X to obtain forms on Met(X) only

yanp — 7{ vinr, “2)
Yp
Exactly as in the 2D-gravity, only

V4n—4 — f V:n—4 (43)
X
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defines an equivariant form on Met(Z). This gives observables of Grfp, which are the
analogues of the Mumford invariants appearing in Grtzop .
An explicit expression of the Q’s and the G’s is given in Appendix A.

5. Conclusion
All the work done above can be applied to higher-dimensional gravity theory. Of course
this also applies to Yang—Mills topological theory. Nevertheless, in this last case things are

much simpler since the gauge group does not act on the space—time manifold X, while in
gravity theory the diffeomorphism group does.
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Appendix A

It was already shown in [12] that the Weil curvature takes the form

(RW)), = (R*C — iz (@)RC + iz (@)ig (@)R*C + 1D Ay

— is@D" AY — 19y + DA Q) (A1)
where
Vi = (08pu — 12 (@)gpu) dx” = o, dx?, (A2)
1/:',‘1 =g 8gpp — Iz (@)8pu) = 8° " (Vpu) = (8_117)‘), (A3)
(D'C A D)), = 8" (Dp" Y, — DU T, (A4)
Then, after a “straightforward” algebraic juggle, one finally obtains
o_ e LCyA LCyx
Q,= —J?gvkgax(R Ju NRT) =Ex, (A5)
1 _ 7 LCyA ; e, 1w, 2\
03 =2ﬁ‘gvkgax(R Ju A —iz(@R™ + DAY . (A.6)
2 _ M7 ; LC\A A (4 LC
Q)= fgukgox[(lE(w)(R ) A iz (@)R)X

~ 2z (@R}, A (DXC A )X

+ (DY A )k A (DMC A PHX
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+ (RYOL A iz (@)iz(@)R*C — iz (@) (DX A p)

— 13§ — DIC A D], (A7)
3 _ &P . . LC LC , =
o)1= fgvkgax(lz(w)lz(w)R —iz(@)(D"~ AY)
~ 49y — D A S:Z)ﬁ
A(=ig(@)RC + 3D A p), (A8)
e LC LC , =
Qo= mgw\gax (iz(@iz(@R™ —ig(@)(D" AY)

— 0¥ - DA,

Az (@)(iz(@)RC = ig(@)(DC A Y)
— 1§ — D A D). (A9)

Finally, the G’s are obtained by replacing (¢***° /,/8)8v1 8oy in the Q’s by (8} 8% — 85 85).
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